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Abstract

The influence of structural configuration on vibration responses of smart laminated beams under random loading is studied. The effect
of laminate configurations and locations of sensors/actuators in the smart system is also investigated. The layer-wise approximation for
displacement and electric potential is utilized to construct the finite element model. The closed-loop control response is determined
through an optimal control algorithm based on the Linear Quadratic Regulator (LQR). The correlation coefficient between the input ran-
dom force and the applied actuating voltage for various configurations is also computed. It is revealed that for softer configurations, the
correlation coefficient is higher than that for harder configurations. The study on the effect of sensor/actuator collocation pairs on optimal
vibration control reveals that as the actuator shifts away from the sensor location, the peak of power occurs at higher frequency and be-

comes more distributed through all the frequencies in the domain.
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1. Introduction

Laminated composite structures are often exposed to ran-
domly varying dynamic loading, such as aircraft components
(e.g., turbulence, acoustic pressure, or rough burning engines)
and marine structures in which the variation of such a loading
cannot be determined exactly. Studies on environmental exci-
tations have resulted in questions on the response behavior.
Excessive vibration in smart laminated structures may result
in instability and/or poor functionality of the system. There-
fore, it is critically important to control the response of the
structure under random external loading. An appropriate me-
chanism for vibration control of such structures can be
achieved mainly by considering the three most important fac-
tors: modeling of the laminate, control strategy, and perform-
ance under different loading, including random excitation.

To date, the majority of works on random vibration control
of smart laminated composite structures utilized Equivalent
Single Layer theories (ESL), including Classical Laminate
Theory (CLT) [1], and the First-order Shear Deformation
Theory (FSDT) by Librescu and Elishakoff [2] and Ceder-
baum et al. [3]. In an attempt to enhance the accuracy of the
vibration response, Kang and Harichandran [4] developed a

T This paper was recommended for publication in revised form by Associate Editor
Eung-Soo Shin
“Corresponding author. Tel.: +98 764 442299/351, Fax.: +98 764 4422828
E-mail address: zabihollah@sharif.edu
© KSME & Springer 2010

higher-order shear deformation formulation to analyze the
vibration response of a laminated plate under random loading.
Most recently, Dash and Singh [5] presented a nonlinear vi-
bration control of a laminated composite based on FSDT.

The efficiency and accuracy of the dynamic response, and
thus the control mechanism of smart laminates, highly depend
on the structural modeling of the structure, loading conditions,
and structural configurations. Layer-wise displacement theory
can provide an accurate and efficient model for the vibration
analysis of laminated structures [6]. The present author and
colleagues [7] provided a comparison between the ESL theo-
ries and the layer-wise theory on the vibration control of
smart-laminated beams. In designing an optimal control me-
chanism, Linear Quadratic Regulator (LQR) is an efficient
approach to determine the optimal feedback gain. Optimal
control based on LQR has been applied for the vibration con-
trol of many isotropic structures [8, 9]. Vasques and Rodri-
gues [10] provided a complete comparison between various
control strategies for piezo-laminated beams with metallic
core. Most recently, Levent [11] studied the effects of lami-
nate configuration on the free vibration of laminated structures
integrated with a piezoelectric actuator using a 3D finite ele-
ment approach. It was found that the existence of different
materials (e.g., sensor, actuator and composite, adhesive, etc.)
in a typical smart laminate caused strong inhomogenieties
through the thickness of the structure. Furthermore, structural
configuration greatly influenced the dynamic response of the
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structures under random excitation. No other studies have
discussed the issue of material inhomogenieties and structural
configurations in random vibration control using the layer-
wise displacement approximation and LQR controller. The
present work aims to address this issue and to improve the
existing knowledge on the design of smart laminated struc-
tures for aerospace applications.

2. Structural modeling

The displacement and electric potential fields in the lami-
nated beam based on the layer-wise theory are given by

)CZ[

ZZ U, (x.)®@,(2)9,(x) , M

v, (a0 =y 0 Wm0 W,(x.0),

where u is the displacement along x, y is the electrical po-
tential, and # and m are the total number of nodes through the
thickness and along the length, respectively. Interpolation
functions @,(z) and ¢,(x) are defined along the z and x di-
rections, respectively. The finite element model for a smart
laminated beam based on the layer-wise approximation for
displacements and electric potential can be obtained as [7].
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where [K,]1, [K,, ], [K,,], and [M,]denote the elastic,
piezoelectric, and permittivity matrices, and the mass matrix,
respectively, and {F,} and {Q"}are the applied mechanical
load and electrical charge vectors, respectively. The displace-
ment {d}={U W}" represents a vector containing axial and
transverse displacements, y* denotes the voltage output at the
sensor, and w“ is the voltage imposed on the actuator layer.

Eq. (2) can also be reduced to the following independent equa-
tions to determine the generated voltage at the sensor as

@
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while the structural displacements are

M, 1{d} +[Cl{d} +[K]{D} =

, “4)
U+ K, 1y

where [I%]:[Kdd]—[K;"d][K“ T [K“d] , {F,(t)} represents
the external force vector generating the primary excitation,
{w“()} is the control force applied to the system, and
[K}, ] defines the location of the actuators as well as converts
the applied electric field to the mechanical force. The coeffi-

cients of element matrices are provided in the Appendix.

3. Random vibration analysis

In vibration control, designing a control algorithm to direct
specific modes of vibrations is more practical. Using the mode
superposition method {d(¢)} =[q]{n(¢)}, the modal form of
Eq. (4) can be expressed as [4]
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The power spectral density matrix of the displacement re-
sponse [S,(®)] is given by [12]:

[S, (@)1 =[H ()][S, (@) H,(@)], (©)

where [S,(w)]1is a diagonal matrix and its terms represent the
spectral density functions of modal forces; [H (@)]=
diaglH, ()] denotes the frequency response function matrix
of the structure; and [H;(a))] is its conjugate matrix. The
mean-square response of the jth coordinate is given by

Eln}01=2['S, (@)dw. ™

The correlation functions of external force F, () and actua-
tor force F,(¢) are defined as

Ry, (7)) = ELF,(OF,(t + )] . ®)

A numerical magnitude of correlation between F,(¢)and
F,(t+7) can be determined by introducing the correlation
coefficient, Prr, > defined as

O
P, = Ll > ©)

where o, and o, represent the standard deviation of exter-
nal random force F,(t) and actuator force F,(¢f) respec-
tively. o, , is the covariance of the external and actuator
forces, which indicate the deviations of F,(r) and F,(¢)
from their centroid, and is given by [12]

orr, = E[F/F,] = piy, tiy, (10)

where p, and u, represent the mean value of external
random force and the mean value of applied actuator force,
respectively. Values of o, =0 indicate that the two signals
tend not to vary together. As the units of external and actuator
forces are different, the covariance o, ., should be normalized
to remove the units of measurements. It should be noted that
the values of p,, =1 indicate that there is a perfect corre-
lation, and p, , =0 means that there is no correlation be-
tween the external and control forces.
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3.1 State space form

Considering {x} = {{n},{ﬁ}}r , the equation of motion in
the state space form is given as

{x} =[Alx} +[BIw "} + /.5
'} = ) =[Cl{x}, (11)

where
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3.2 Linear quadratic regulator (LQR)

Based on LOR, the feedback gain, K, is chosen to mini-

s¢ 2

mize a quadratic cost function of the form
1 r ,
J:EJ‘o ({x} [Q]{X}+{uc}[R]{uc})dt, (13)

where [Q] is a symmetric semi-positive definite, and [R] is
a positive definite weighting matrix. Both are selected to pro-
vide suitable performance. The relative magnitudes of [Q]
and [R] are selected to trade off on the requirements for
minimizing vibration energy against the requirements for
minimizing control voltage. In general, a larger [Q] places a
higher demand on control voltage, while a larger [R] places
more limits on the applied control force. In the full state con-
trol method, the actuating voltage is determined as

{u g =1y} =K J{x}, (14)

where [K ]is the optimal feedback gain. For more details on
optimal control, the book by Naidu [13] can be consulted.
Substituting Eq. (14) into Eq. (11), the closed-loop state equa-
tion is obtained as

() = ((A]=[BIIK Dix} + /a3 » (15)

and the frequency response function in state space form is
determined as

H,(jo)=(jol —(A-[BIK,])" (16)

4. Numerical examples

4.1 Cross- ply configuration

A smart laminated beam with [PS/(0/90/0), PA] (PS and
PA stand for piezoelectric sensor and actuator layers, respect-
tively) configuration with clamped-free boundary condition is

Table 1. Material and geometric properties.

Property Graphite/Epoxy | Piezoceramic PVDF

E,, GPa 98.0 71.4 4.67

E,, GPa 6.78 71.4 -

4.80 3.48 24.8 2.66

P, KG/m® 1380 7610 1610

Dy, m/V - -200x10™ -20x10™"

Ey, F/m - 150x107™° 1.05x10™"
Length, L, mm 300.0 25.0 25.0
Width, 5, mm 30.0 25.0 25.0
Thickness, mm 0.2 0.50 0.0028
considered.

The material and geometric properties of composite lamina
and the piezoceramic and Polyvinyliden Fluoride (PVDF)
patches are provided in Table 1. The first three natural fre-
quencies of this system are, 17.93 Hz, 105.98 Hz, and 276.07
Hz, respectively. The three natural frequencies are sufficiently
separated to be considered independently. The beam is ex-
posed to a random excitation applied at the tip and is ap-
proximated as Gaussian white noise with zero mean value,
variance of 95.0 N?, and standard deviation of 9.70 N. To
suppress the vibration for the first two frequencies, the coeffi-
cients [J] and R corresponding to LOR are considered as
0=2x10°1,,and R=1.3, respectively. The open-loop and
closed-loop tip displacements in time domain are obtained, as
shown in Fig. 1. As indicated earlier, applying the LOR con-
trol significantly suppresses the vibration response of the sys-
tem.

The required applied control voltage on the actuator is also
provided in Fig. 2. The variance of the actuator voltage is
3417 V?, and its standard deviation and mean value are 58.5
V and 0.25 V, respectively. The correlation coefficient be-
tween the actuation voltage and the random excitation is
Pr,r, =0.658 , which is sufficient for designing an active con-
trol System. It should be noted that for a deterministic sinusoi-
dal external force, the correlation coefficient should be 0.998.
The frequency response of the system is shown in Fig. 3,
which illustrates that most of the power of the actuating signal
is concentrated at the frequency close to the fundamental natu-
ral frequency of the system.

This result is expected, as the maximum deformation occurs
at the fundamental natural frequency. Thus, most of the actu-
ating energy supplied by the actuator is consumed at this fre-
quency.

Random vibration analysis in time domain is very compre-
hensive. However, in various practical engineering applica-
tions, the input signal in time domain is not available and only
the stochastic characteristic of the input random excitation is
given. This gives rise to the need for an analysis based on the
random properties of the signal, usually the power spectral
density (PSD) function. To study the effect of structural con-
figuration on random vibration control, a Gaussian white noise
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Fig. 1. Response of the smart laminated beam subject to white noise.
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Fig. 3. PSD for smart laminated beam using control-on /off; the first
two modes.

with a given PSD, =40dB and zero mean value is considered,
and the displacement response is also converted to decibel
(dB), which is commonly used for PSD plots.

4.2 Effect of laminate configurations

The effect of laminate configuration on the PSD of the sys-
tem response under a Gaussian white-noise random loading
with a PSD of 40 dB is studied and is shown in Fig. 4.
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Fig. 4. Effect of laminate configuration on PSD of (a) closed-loop; (b)
open-loop response.

The power consumption for smart systems with configura-
tions of [PS/(0/90/0),/PA] and [PS/(0),/PA] is almost
the same but is lower than that of smart systems with laminate
configurations of [PS/(£30/0),/ PA] and[PS/(+45/0),/PA].
Moreover, the maximum amount of energy consumption for
later configuration shifts to the left, which is due to the lower
natural frequency for these laminates.

The effect of laminate configuration on the statistical prop-
erties of the structural-controlled response of the smart lami-
nated beam under the same Gaussian white-noise excitation is
provided in Table 2. The table shows that the laminate con-
figuration of [PS/(£45/0),/PA] has the highest value for the
mean, standard deviation, and variance followed by the con-
figuration of [PS/(£30/0),/PA]. The two other configura-
tions [PS/(0/90/0),/PA] and [PS/(0),/PA] are almost
the same and have lower values compared with the other two
cases.

An important observation in random analysis is the correla-
tion coefficient between the actuation voltage and the random
excitation.

The correlation coefficient, p,, , , for different configura-
tions is given in Table 3. For softer configuration, that is,
[PS/(£45/0),/ PA], the correlation coefficient is higher than
that for harder configurations. It should be noted that for a
deterministic sinusoidal external force, the correlation coeffi-
cient should be 0.998.

4.3 Random vibration for aerospace applications

The narrow-band process, which simulates the operating
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Table 2. Effect of laminate configurations on the statistical properties
of the tip displacement of the smart beam for closed-loop control.

Statistical properties of tip displacement

Laminate configuration Ly, , MM o, » MM afp , mnt*
[PS /(0), / PA] 0.0006 0.240 0.058
[PS /(£30)/0), / PA] 0.0007 0.248 0.0616
[PS /(£45)/0), / PA] 0.0008 0.257 0.066
[PS/(0/90/0),/PA] 0.0006 0.242 0.058

Table 3. The correlation coefficient, p;. . for different laminate con-
figurations.

Laminate configuration Correlation coefficient, p;

[PS/(0/90/0), / PA] 0.658
[PS /(+30)/0). / PA] 0.671
[PS /(+45)/0). / PA] 0.692

PSD of excitation (dB/Hz)

Typical data extracted from field 4
measurement
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Fig. 5. (a) PSD of random vibration; (b) response under aerospace
random input.

environments, is of great importance in the design of aero-
space structures. A typical example of the vibration data ex-
tracted from the vibration measurement of aircraft structures is
shown in Fig. 5(a) [14]. However, such a spectrum is too
complicated to be used as a test spectrum. Thus, the envelope
of the spectrum is considered.
The laminate configuration is assumed to be[PS/(0/90/0),

/ PA] . The upper, A, and lower, B, envelopes of the PSD are
given in Fig. 2(a). For the conservative test, that is, the test is

1123
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Fig. 6. Effect of (a) laminate configuration and (b) actuator location
through the thickness on the response due to envelope A.

more severe than the environment, curve A can be used to
overestimate the environment, whereas curve B can be con-
sidered for underestimated experiments. The frequency range
is considered from 1 to 20 Hz to cover the frequencies below
and those slightly beyond the fundamental frequencies of the
system. The PSDs of the response of the smart beam subjected
to both upper envelope 4 and lower envelope B are shown in
Fig. 5(b). The open-loop and closed loop responses are pro-
vided to demonstrate the performance of the controlled system
for typical and practical random loading conditions.

For both envelopes, the power is well distributed through
the frequency range. However, as it is expected that the peak
value will occur around the natural frequency of the system,
the configuration of [PS/(£45/0),/PA] has the highest peak
level that occurs at lower frequencies compared with other
configurations. The configurations with higher stuffiness,
[PS/(0/90/0),/PA] and [PS/(0),/PA] , provide lower
levels of power consumption. These conclusions are similar to
the corresponding results obtained for the smart system sub-
jected to white noise.

The important feature is that for all cases, the PSD is evenly
distributed in the frequency range. Moreover, the peak that
occurs at the fundamental natural frequency is effectively
suppressed when the control is on.
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Fig. 7. Smart laminated beam with uncollocated sensor/actuator pairs.
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Fig. 8. Effect of collocated and uncollocated PZT pair on the response
of the smart beam.

4.4 Effect of actuator location

The effect of actuator location on the power spectrum of the
smart system subjected to envelope 4 is also presented in Fig.
6(b). Three different locations, which are chosen through the
thickness, are considered: [PS/(0),/PA] , [PS/05/PA/0],
and [PS/0,/PA/0,]. When the actuator is located far from
the mid-point, the PSD is lower, whereas when the actuator is
located inside the laminate, power consumption is higher. This
is due to the moment effect of actuator when located far from
the mid-point.

4.5 Collocation effect of sensor/actuator

The effect of collocated and uncollocated sensor/actuator
pairs on optimal vibration control is also investigated, and
results are presented through the following example. Two
cases of uncollocated sensor/actuator pairs are considered, as
shown in Fig. 7. In case I, the sensor is mounted on the top
surface at /, =3cm from the fixed end, while the actuator is
bonded on bottom surface at [, =6¢m  from the fixed end. In
case I, the actuator is bonded at /, =8cm from the fixed end
on the bottom surface, while the location of sensor remains the
same as that in case 1.

Fig. 8 shows that for collocated sensor/actuator pairs, the
peak of power is higher than the uncollocated pairs and occurs
at the lower frequency. As the actuator shifts away from the
sensor location, the peak of power occurs at higher frequency
and becomes more distributed through all the frequencies in
the domain.

5. Conclusion

A parametric study is conducted to investigate the effects of
laminate configurations and smart elements on the vibration
response of smart laminated beams under random loading. A
control algorithm utilizing linear quadratic regulator and layer-
wise displacement finite element formulation is also utilized to
determine the controlled responses under random excitations.

The effects of laminate configuration and smart element lo-
cation on the vibration response of the system for the closed-
loop system are also investigated.

The configuration of [PS/(+45/0),/PA] shows the high-
est value for the mean, standard deviation, and variance com-
pared with the other configuration under study. To demon-
strate the correlation between the input random force and the
applied actuator voltage, the correlation coefficients for differ-
ent laminate configurations are provided. For softer configura-
tions, that is, [PS/(245/0),/PA], the correlation coefficient
is higher that that for harder configurations.

The study deals with the frequency domain by considering
narrow-band processes, particularly for acrospace applications.
The PSDs of the displacement responses for different laminate
configurations and smart element locations of the system sub-
jected to a known input power spectral density of the excita-
tion are computed. The configuration of [PS/(£45/0),/PA]
has the highest peak level, which occurs at lower frequencies,
compared with other configurations. Furthermore, when the
actuator is located far from the mid-point, the PSD is lower,
whereas when the actuator is located inside the laminate,
power consumption is higher. The study on the effects of sen-
sor/actuator collocation pairs on optimal vibration control
reveals that as the actuator shifts away from the sensor loca-
tion, the peak of power occurs at higher frequency and be-
comes more distributed through all the frequencies in the do-
main.
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Nomenclature

[K] : Stiffness matrix

{w} : Electrical potential
[M] : Mass matrix

{d} : Displacement vector
[S] : Power spectral density
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Appendix : Element matrices for smart laminated beams

Stiffness and mass matrices of smart laminated beams based
on layer-wise displacement theory are given by
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The coefficients of the element matrices are given by
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